Abstract. In this paper, we study the standing wave solutions of the bi-harmonic nonlinear Schrödinger equation with the Laplacian term (BNLS). By taking into account the role of second-order dispersion term in the propagation of intense laser beams in a bulk medium with Kerr nonlinearity, we prove that in the masssubcritical regime p ∈ (1, 1 + 8 d ), there exist orbitally stable standing waves for BNLS, when µ ≥ 0, or −λ 0 ≤ µ < 0, for some λ 0 > 0. Moreover, we prove that in the mass-critical case p = 1 + 8 d , the BNLS is orbital stable when −λ 1 ≤ µ < 0, for some λ 1 > 0, and the initial data is below the ground state for the bihamonic operator. This shows that the sign of the second-order dispersion has crucial effect on the existence of orbitally stable standing waves for the BNLS with the mixed dispersions.
Introduction
In this paper, we study the following fourth-order nonlinear Schrödinger equation Schrödinger equation (1.1) was introduced by Karpman in [22] . Also, [23] took into account the role of small fourth-order dispersion terms in the propagation of intense laser beams in a bulk medium with Kerr nonlinearity. Imposing the initial data for fourth-order nonlinear Schrödinger equation (1.1)
Kenig, Ponce and Vega [24] , Ben-Artzi, Koch and Saut [2] , and Pausader [29] Boulenger and Lenzmann in [4] proved the existence of blow-up solutions for Cauchy
. These suggest that p = 1+ ) is a subcritical exponent for (1.1), see [13] .
Recently, fourth-order nonlinear Schrödinger equations have been widely investigated. Fibich, Ilan and Papanicolaou [13] obtained the general results of global wellposedness for Cauchy problem (1.1)-(1.2) in H 2 . Guo and Wang [18] , Hao, Hsiao and Wang [20] , Miao, Xu and Zhao [27] , Pausader [30] , and Segata [32] studied the global well-posedness and scattering for the fourth-order nonlinear Schrödinger equation (1.1) with different type nonlinearities. On the other hand, let ω ∈ R, µ ∈ R and u = u(x) be a ground state of the following elliptic equation
Then, one can check that ψ(t, x) = e iωt u(x) is a special global solution of equation (1.1) , which is called a standing wave of (1.1), see [7, 13, 28] . Levandosky [25] , Segata [33] , Zhu, Zhang and Yang [40] , Baruch, Fibich and Mandelbaum [1] studied the existence of the ground state of (1.3). Karpman and Shagalov [22, 23] investigated the linear stability of solitons for fourth-order nonlinear Schrödinger equation
(1.1) with integer power nonlinearity, and they gave a necessary condition for linear stability of solitons. In particular, they showed that for 1 < p ≤ 1 + In the present paper, we use the profile decomposition of bounded sequences in H 2 to investigate the orbital stability of standing waves for fourth-order NLS (1.1).
More precisely, we obtain that if 1 < p < 1 + 4) which is the revised ground state for (1.1) (Indeed, the actual ground state for equation (1.1) is the ground state of (1.3)). This result is sharp in the sense that Fibich, Ilan and Papanicolaou's numerical observation in [13] implies that there exist finite time blow-up solutions for the Cauchy problem (1.1)-(1.2) with initial data
, which leads to strong instability.
In fact, the orbital stability of standing waves for the classical second-order NLS was firstly studied by Cazenave and Lions in [8] by using the concentration compactness principle. Weinstein [35] gave another proof of the orbital stability for a general nonlinearity based on the Lyapunov functional. These orbital stability results were significantly extended by Grillakis, Shatah and Strauss in [17] to solitary waves for general Hamiltonian systems that are invariant under a group of transformations.
Recently, these arguments are used to study the orbital stability of standing waves for nonlinear Schrödinger equations with potentials, see [9, 14, 15, 31, 34, 37, 38] .
In the sequel, for given p > 1, we define the following variational problem
where
and the unit sphere
Denote that
It will be proved that when 1 < p < 1 + From the Euler-Lagrangian equation we know that for any u ∈ M µ , there exists ω ∈ R, such that u solves the stationary equation
Obviously, if u(x) is a solution of (1.6), then ψ(t, x) = e iωt u(x) is a standing wave of (1.1). In this paper, we will study the orbital stability of standing waves for 
More precisely, we prove that if the initial data ψ 0 is close to a orbit u ∈ M µ , then the solution ψ(t, x) of evolution system (1.1)-(1.2) remains close to the orbit u ∈ M µ for all time.
Firstly, we consider the subcritical case:
. By a scaling argument, we shall observe that m µ ≤ 0 for all µ ∈ R, see Lemma 3.2. Denote
then we give our first main result: Theorem 1.2. For given p, if µ ∈ R satisfies one of the followings:
and ∀µ ∈ (0, +∞);
, and ∀µ ∈ (0, µ 0 ); (3) 1 < p < 1 + Note that when µ = 0 (the case in Theorem 1.2 (3)) , the minimization problem (VP) is reduced to:
with
which corresponds to the classical biharmonic equation 
namely, m µ has no any minimizers. 
In particular, u 0 ∈ B 1 is a minimizer of m 0 , where m 0 is given by (1.8).
Finally, we consider the critical case p = 1 + . Note that in this case, the terms △u 2 2 and u p+1 p+1 of the functional E µ (u), grow at the same rate and they play the dominated roles in the analysis, see e.g. (3.1). However, it seems hard to know which one is larger. Hence we turn to studying the following minimization problem:
(1.11)
2 with Q being the ground state of (1.4). Then in this critical case, we obtain the following result. 
Then the set M µ,b = ∅ and is orbitally stable. 
and the sphere In this paper, the argument to prove the orbital stability of standing waves for fourth-order nonlinear Schrödinger equation (1.1) follows from Cazenave and Lions' argument in [8] , but our main tool is the profile decomposition of bounded sequences in H 2 introduced by Zhu, Zhang and Yang in [40] , which gives a new and simple way to verify the orbital stability of standing waves for nonlinear Schrödinger equations.
On the other hand, according to Cazenave and Lions and Weinstein's results in [8, 36] , the standing waves of the classical second-order nonlinear Schrödinger equation
are strongly unstable(also see [3, 7] ). However, for the fourth-order NLS (1.1) with its critical exponent 1 + , we show that there exist stable standing waves under some conditions, which is different from the standard second-order NLS. We also refer the readers to the works on the stability of standing waves of [5, 6] , in particular in [5] , the authors use main the classical concentrationcompactness method to get the existence of global minimizers. While our tools are mainly the profile decomposition, which seems less technique and more simple. See more details in the Section 3.
Throughout this paper, we use standard notations. For simplicity, we write
be the usual Lebesgue space equipped with the standard norm
denote the Sobolev space equipped with the standard norm · H s . Let C denote a positive constant that may vary from one context to another.
The paper is organized as follows. In Section 2, we give some preliminaries, in particular the local well-posedness of the Cauchy problem (1.1)-(1.2), and the profile decomposition of a bounded sequence in H s . We shall prove Theorem 1.2
and Theorem 1.7 respectively in Section 3 and Section 4.
Preliminaries
For the Cauchy problem (1.1)-(1.2), the work space H 2 is defined by
with the equivalent norm ( v
Kenig, Ponce and Vega [24] , Ben-Artzi, Koch and Saut [2] , and Pausader [29] established the local well-posedness of Cauchy problem (1.1)-(1.2) in H 2 , as follows.
There holds the blowup alternative, namely, either
Furthermore, for all t ∈ [0, T ), ψ(t, x) satisfies the following conservation laws:
(ii) Conservation of energy
In this paper, we shall use the profile decomposition argument to study orbital stability of standing waves for fourth-order NLS (1.1). The following proposition was obtained in [40] , which is the main tool to study orbital stability of standing waves for (1.1). Profile decomposition method has been applied to the study of fractional nonlinear Schrödinger equations, see [10, 11, 12, 19, 39, 42, 43] . 
(ii) for every l ≥ 1 and every for every q ∈ (2,
At the end of this section, we introduce the sharp Gagliardo-Nirenberg type inequality established in [13] (critical case) and [40] (subcritical case).
where R is the ground state solution of
Let µ ∈ R and 1 < p < 1 +
, then we see that the variational problem (VP):
is well-defined, namely m µ = −∞. Indeed, by the Gagliardo-Nirenberg inequality (2.8), we have
When µ ≥ 0, (3.1) implies that
When µ < 0, by the interpolation estimate ∇v Proof. We observe that for any µ 1 , µ 2 ∈ R with µ 1 < µ 2 , there holds that
then by the definition of m µ , we have m µ 1 ≤ m µ 2 , thus (a) is proved.
As for (b), we first show that for any µ n → µ − as n → ∞, m µn → m µ . Indeed, for each n ∈ N, by the definition of m µn , there exists a u n ∈ B 1 such that
Then by (3.1) and the interpolation ∇u n 2 2 ≤ ∆u n 2 u n 2 , we see that {u n } is bounded in H 2 . Thus from (3.4),
by which we conclude that m µn → m µ as µ n → µ − . Similarly, we can prove that
At this point, we have proved the continuity of m µ at each
Concerning the value of m µ with µ ∈ R, we first prove the following lemma.
Lemma 3.2. Assume that
Proof. We let v 0 ∈ B 1 be fixed and consider the scaling v ρ = ρ 
Thus for any µ ∈ R, by (3.5) and the definition of m µ , we have m µ ≤ lim
Then the Lemma is proved.
More precisely, we shall prove the following. 
Proof. From (3.5) we have
, note that 4+d−pd 2 > 0, and then by (3.7), for any µ > 0 there (1) is verified. 
for some constant C p,d > 0 independent of v ∈ H 2 , see (2.4) of [5] for details. Thus , then by (3.10), we have 
Then q ′ = 4 8+d−pd and 8+d−pd 2 q ′ = 2. Hence by (3.10) we obtain a similar estimate Concerning the case µ ≤ 0, we need the following lemma.
Lemma 3.4. Assume that
Proof. Indeed, for any µ ≤ 0, we let v 0 ∈ B 1 be fixed and consider the scaling
, where ρ > 0 is an arbitrary constant. Then v ρ ∈ B 1 for any ρ > 0, and since µ ≤ 0 we have 
Next, we investigate the variational problem (VP) by using the profile decomposition of bounded sequences in H 2 . Then, we prove that the the infimum of variational problem (VP) can be reached, as follows. (ii) −λ 0 ≤ µ < 0, for some λ 0 > 0.
Then any minimizing sequence of m µ is pre-compact. Moreover, there exists u ∈ B 1
such that
Proof. Case (i): µ ≥ 0 and m µ < 0.
Let {v n } +∞ n=1 ⊂ B 1 be an arbitrary sequence satisfying
Then for n large enough, we have
namely v n ∈ B 1 is non-vanishing. In addition, by (3.2) and (3.15), we see that
Then by the Proposition 2.2, the sequence {v n } +∞ n=1 can be decomposed as 
Using the preceding compositions we then obtain that as n → ∞
Since v n is non-vanishing, then by (3.18) for every V j (x − x j n ), we can take the scaling
Moreover, we get
Similarly, E µ (r l n ) can be estimated as follows:
as n → ∞ and l → +∞. Thus it follows from (3.24) and the definition of m µ that
Injecting (3.25)-(3.28) into (3.23), one deduces that the right hand side of (3.23) has the following estimates as n → +∞, and l → +∞ (3.29) for some constant C 0 > 0 independent of n.
Finally, taking n → ∞ and l → +∞ in (3.29) , by (3.15) one deduces that 
as n → ∞. This contradicts with the fact that m µ < 0. Denote 31) and then by (3.30) , λ 0 > 0.
Hence, if −λ 0 ≤ µ < 0, then for n sufficiently large, we have
Finally, we complete the proof of Case (ii) by using the profile decomposition to show the compactness of {v n }. Since in this procedure the role of µ ∈ R is not essential, the proof goes the same as in Case (i). For simplicity we omit it here.
Therefore, we have proved Proposition 3.5.
Now we are ready to apply Proposition 3.5 to finish the proof of Theorem 1.2. As we shall see, the proof is mainly based on the concentration compactness argument in [8] , see also [7] .
Proof of Theorem 1.2. We shall prove this theorem by contradiction. First we note that when µ ≥ 0 and 1
, it follows from (2.8) that for all t ∈ I (the maximal existence interval)
for any 0 < ε < Similarly, when −µ 0 ≤ µ < 0, for all t ∈ I (the maximal existence interval), we deduce that for any 0 < ε < 33) and there exists a sequence {t n } +∞ n=1 such that the corresponding solution sequence
Note from the conservation laws that as n → ∞ 
Clearly (3.35) contradicts with (3.34) . This completes the proof.
Remark 3.6. By taking µ = 0 in Theorem 1.2, we remark that the orbital stability result for the biharmonic nonlinear Schrödinger equation (1.1) in the subcritical case is similar to that for the second-order NLS, see [7] ). And when µ > 0, one can take µ△ψ −△ 2 ψ as one part due to they has the same sign after integrating. But the loss of scaling invariance is also a challenge, and we employ the profile decomposition theory and some new estimates to obtain the orbital stability of standing waves.
However, when µ < 0, the existence of stable standing waves changes dramatically.
In fact, we can not take µ△ψ − △ 2 ψ as one part, and the lower-order term µ△ψ can not simply be controlled by the higher-order term △ 2 ψ. Hence, we just obtain the orbital stability of standing waves for Eq.(1.1) with small µ: −λ 0 ≤ µ < 0. We conjecture that when µ < −λ 0 the standing waves of (1.1) turns unstable. Indeed, we deduce from (3.2) and (3.3) respectively that
Proof
, if µ k > 0, (3.36)
, if µ k < 0, (3.37)
for some constant C > 0 is independent of k ∈ N + . Note that 0 < Knowing that {u k } ⊂ B 1 is bounded in H 2 (R d ), we then take a week limit, 
